10D Massive Type IIA Supergravities as the uplift of Parabolic M2-brane
  Torus bundles by del Moral, Maria Pikar Garcia & Restuccia, Alvaro
ar
X
iv
:1
51
1.
04
78
4v
1 
 [h
ep
-th
]  
15
 N
ov
 20
15
Fortschritte der Physik, January 16, 2018
10D Massive Type IIA Supergravities as the uplift of
Parabolic M2-brane Torus bundles
Maria Pilar Garcia del Moral1∗ and Alvaro Restuccia1,2
We remark that the two 10D massive deformations of
the N = 2 maximal type IIA supergravity (Romans and
HLW supergravity) are associated to the low energy
limit of the uplift to 10D of M2-brane torus bundles with
parabolic monodromy linearly and non-linearly realized
respectively. Romans supergravity corresponds to M2-
brane compactified on a twice-punctured torus bundle.
1 Introduction
In ten dimensions there are two differentmaximal Super-
gravities (IIA and IIB) which correspond respectively to
the low energy limit of the 10D type IIA and IIB String
Theories. There are also two massive deformations in
the 10D type IIA sector. One of them found in [1] is Ro-
mans Supergravity, a massive supergravity whose covari-
ant 11D Supergravity origin is not known and the sec-
ond one, that we will denote by HLW [2], is a gauged su-
pergravity that can be obtained by a Scherk Schwarz re-
duction(SS) [3] from 11D Supergravity. The 10D, SL(2,R)
Type IIB supergravity does not contain any massive de-
formation. Romans is a genuine massive supergravity
theory. It does not admit as a solution a 10D Minkowski
background but instead it has Domainwalls solutions as-
sociated to D8 branes [4]. In [5] it was shown that its 11D
supergravity uplift is related to the existence of a nonco-
variant cosmological term. There is a well-known no-go
theorem [6] emphasizing the inexistence of a 11D covari-
ant deformation 11D supergravity. It can be evaded at
the price of introducing an isometry with an associated
killing vector that breaks it [5]. In [7] it was pointed out
that Romans supergravity is the low energy limit of amas-
sive string theory. HLW supergravity on the other hand
is a supergravity formulation without lagrangian. It ap-
pears as the gauging of the scaling symmetry of equation
of motion in 11D, it has been called trombone symme-
try. The allowed background solution is De Sitter. Both
theories when reduced a la Kaluza Klein (KK) to 9D be-
come type II gauged supergravities: Romans becomes a
parabolic gauged supergravity and HLW a gauged trom-
bone supergravity, [8–10].
In [11, 12] it has been proposed a new formulation of
the Supermembrane theory (M2-brane) on a symplec-
tic torus bundles with SL(2,Z ) monodromy as the M-
theory origin of type II gauged supergravity in 9D. It was
shown that the supermembrane with central charges is
the M-theory origin of type IIB gauged supergravities in
9D. Since it is also a U-dual invariant action [11, 13] it is
also the M-theory origin of type IIA gauge supergravities.
To obtain an M2-brane description associated to a mas-
sive supergravity in 10D, a decompactification limit is re-
quired to be taken. When performing it there are some
properties that should be kept in the uplifted Hamilto-
nian in order to correspond to the massive supergrav-
ity sector and not to the massless one. For example, this
limit should preserve finite couplings and in the case of
Romans high energy description also the complex struc-
ture moduli. These facts cannot be obtained through or-
dinary decompactification limits as it happens when a 2-
torus becomes a cylinder. Indeed, the formulation of the
11D supermembrane on a cylinder times 9D Minkowski
corresponds to the 11D M2-brane on a trivial circle bun-
dle whose low energy description corresponds to the
maximal N = 2 10D type IIA supergravity. Themassive su-
pergravities (Romans and HLW) were expected to have a
high energy description in terms ofM-theory on nontriv-
ial bundles [7], [14]. There are not many possibilities of
implementing this ideawith a single compact dimension.
For the case of HLW gauged supergravity the explanation
in terms of non trivial fiber bundle in the context of su-
pergravity was done by [15,16].
In this note we would like to discuss the existence of only
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two deformations of the 10D type II maximal supergrav-
ities, from the perspective of the M2-brane on nontriv-
ial bundles with only one compact dimension. We argue
that only those M2-brane fiber bundles with parabolic
monodromy in 9D are the ones who can be uplifted to
M2-brane bundles whose low energy limit correspond to
the 10D type II massive supergravities.
2 Uplift of parabolic Monodromy
M2-brane Torus bundles
The M2-brane compactified on a torus in the Light Cone
gauge compactified on T 2 ×M9 satisfies the following
winding conditions∮
Cs
d X 1 = 2πR11(ls+msRe(τ)),
∮
Cs
d X 2 = 2πR11ms Im(τ)
where the torus is parametrized in terms of the com-
plex parameters (R11,τ) and (ls ,ms) are thewinding num-
bers which form a matrix over the torus target given by
W=
(
l1 l2
m1 m2
)
. Let us denote the complex one-closed one
formd X = d X 1+i d X 2, the supermembranewe are inter-
ested on, corresponds to the sector with nontrivial cen-
tral charges i.e. those supermembranes satisfying the ir-
reducible wrapping condition∫
Σ
d X ∧d X = n Ar ea(Σ), n ∈Z/{0} (1)
This condition is a quantization condition for a principal
line bundle with first Chern class c1 = n. The Hamilto-
nian invariant section on a torus bundle wit parabolic
monodromy (in the type IIB sector) and in complex co-
ordinates corresponds to [11],
H =
∫
Σ
d2σ
√
W (σ)
[
1
2
(
Pmp
W
)2+ 1
2
(
PP
W
)+ T
2
4
{X m ,X n }2
]
+
[
T 2
2
DX mDX m + T
2
8
FF
]
−
∫
Σ
T 2/3
√
W (σ)
[
ΨΓ−Γm{X
m ,Ψ}+ 1
2
ΨΓ−Γ{X ,Ψ}
]
+
∫
Σ
T 2/3
√
W (σ)
[
1
2
ΨΓ−Γ{X ,Ψ}
]
+
∫
Σ
p
WΛ
[
1
2
D(
Pp
W
)+ 1
2
D(
Pp
W
)+ {X m , Pmp
W
}− {ΨΓ−,Ψ}
]
.
(2)
The constrain has been incorporated in the Hamiltonian
through a lagrange multiplier Λ. The symplectic covari-
ant derivative is defined as,
D• =D •+{A,•}˙, F =D A−D A+ {A,A} (3)
with D =D1+ i D2 and Dr (r = 1,2) as,
Dr • =
ǫabp
W
2πR(lr +mrτ)θsr∂a X̂ s∂b•, (4)
where θ is the set of residual discrete symmetries de-
fined on the worldvolume. As it is explained in [11] be-
cause of the construction, it depends on the parabolic
monodromy Mp as θ = (V −1(M∗p )−1V )T , where (M∗p )−1 =(
1 −b1
0 1
)
and V ∈ SL(2,Z) =
(
a b
c d
)
for b1 = nb , being
n = detW. Then, θ is also a parabolic matrix. The hamil-
tonian is constrained subject to first class constraints as-
sociated to the area preserving superdiffeomorphisms.
The hamiltonian is T-dual invariant (locally and globally)
[12], and it possesses a residual global symmetry associ-
ated to the parabolic subgroup of SL(2,Z ). The spectrum
of the theory is purely discrete.
In [17] it was stated that for any fibre bundle E with
fiber F basemanifoldB and structure groupG, the action
ofG on F produces a π0(G)-action on the homology and
cohomology of F . For F being the 2-torus with structure
group G = Symp(T 2) it is shown that π0(G) ≈ SL(2,Z).
The π0(G)-action has a natural action on H1(T
2) of
SL(2,Z) on a pair of integers (a,b)∈Z2 characterizing the
H1(T
2) charges interpreted as the quantizedKaluzaKlein
momenta of the compactified supermembrane [11]. It ex-
ists then a representation M : π1(B) → π0(G), and a bi-
jective correspondence between the equivalence classes
of symplectic torus bundles over B inducing the mod-
ule structure ZM on H1(T
2) and the elements of the sec-
ond cohomology group of B , H2(B,ZM ). The local co-
efficients ZM run only over the integers allowed by the
representation M (n,m), see [17] for more details. We call
this representation M , Monodromy. We find that the nat-
uralmonodromy that allows for decompactification such
that the nontrivial behaviour will be codified in a single
dimension -as happens in the case of the massive defor-
mation uplift from nine to ten noncompact dimensions-,
is the parabolicmonodromy. Given Mp a parabolic repre-
sentation, then the coinvariant ,classes which classify the
symplectic torus bundles with monodromy are in one to
one correspondence with one integer in Z. On the other
side Z classify the principle line bundles over the base
torus B . When decompactifying one dimension, in order
to keep amassive deformation, it is natural to expect that
some topological information must be preserved in the
lifting. Since there is only one compactified dimension in
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11D dimensions, it is natural to think that the topological
classes will be related to the integersZ. Additionally if we
look at their coinvariant classes they are of the form.
CI = {Q+ (g −1)Qˆ}=
(
k̂
q0
)
(5)
where g ∈ Mp , k̂ represents any arbitrary integer, and q0
a particular one. For each q0 ∈ Z one has a coinvariant
class,i.e, only one element of the homology basis deter-
mines the coinvariant class. One of the circles of the tar-
get becomes then deedless in the process of decompact-
ification. We then uplift the M2-brane torus bundle into
a non trivial line bundle while the members of the topo-
logical classes are preserved.
3 Romans and the geometry of the
twice-punctured 2-torus bundle
The 10D Romans massive supergravity from the super-
membrane bundle formulation perspective has to cor-
respond to a non-trivial bundle. Our proposal is to con-
sider a M2-brane on a bundle with a twice punctured
torus Σ1,2 as the fiber (times M9) [18]. The compacti-
fied manifold at the target is then a punctured torus. In
this case in order to characterize the model we can use
the Mandelstam map, [19], see also [20], to connect the
punctured surface of the 2-torus with the Light Cone di-
agrams in order to characterize the moduli. The moduli
of the twice-punctured torus is specified by four param-
eters (R ,τ,Z1,Z2). Considering the conformal structures
(that is neglecting just for a moment the scaling parame-
ter R) the torus can be conformally mapped to the Light
Cone diagrams as originally shown by [19] and laterly de-
veloped by [20] in the aim of showing the equivalence be-
tween Polyakov and Light Cone bosonic string formula-
tion. Themoduli of the Light cone diagrams corresponds
to those of an infinite long cylinder with one loop inside.
The borders the cylinder corresponds to the singularities
associated to the punctures at infinity with residues ±1.
As explained by [20] itsmoduli is specified by four param-
eters: (t ,α,θ1,θ2), where 0< t <∞ represents the interac-
tion time between the different closed strings, 0< θ < 2π
are the twist angles on the internal cylinders, α repre-
sents the internalmomentum fraction, i.e. the sumof the
positive residues
∑
i α
+
i
= n [21]. These parameters can
be mapped in the ones of the torus (τ,Z1,Z2) being τ the
complexmodular parameter of the torus, and (Z1,Z2) the
positions of the punctures on the Riemann surface Σ1,2.
by mean of the following identifications:
2πi (Z1−Z2)= (θ1+θ2)α1−θ2−2πiτ (6)
However to characterize individually thosemoduli is nec-
essary to know the abelian integral defined as follows [19]
w =
∫z
ω, with w = x + i y identified with the parameters
of the string w = t + iσ. Locally ω= d w
w =lnθ[
(
1
1
)
](z−ξ1,τ)− lnθ[
(
1
1
)
](z−ξ2,τ)
+2πi z Re(2πi (ξ2−ξ1)
Re(2πiτ)
(7)
where ξ1,ξ2 indicate the position of the simple zeroes
of d wd z . This geometrical structure when applied to the
M2-brane [18], fits very well in all the prescribed require-
ments: it corresponds the decompactification limit of
a torus bundle times 9D Minkowsky target space into
a twice-punctured torus bundle times 9D Minkowski
space timewhich effectively is a non trivial compactifica-
tion associated to a (1,1)-Knot space in 10 noncompact
dimensions. Indeed, it corresponds to a massive super-
membrane [18].We believe this topology couldbe related
to the massive branes analysis [5]. In that study the 11D
supergravity is recovered from Romans one by means of
a mass termwhich depends on a killing vector present in
the 11D space formulation. The analysis is non covariant,
and we find it natural from the point of view of the type
of the decompactification manifold we are considering.
4 Global description of the M2-brane on
the twice punctured torus bundle.
Globally the M2-brane nontrivial bundle corresponds
to a fiber bundle, whose base corresponds to the Rie-
mann surface of the M2-brane worldvolume foliation -
for simplicity we choose to be also a 2-torus- and an
associated fiber corresponding to the target space M9×
Σ1,2 with 10 non-compact dimensions times a compact
one. This fiber bundle should be understood as the
decompactification of the M2-brane on the symplectic
torus bundle with parabolic monodromy. The mapping
class group of the twice punctured torus bundle cor-
repsonds to a (1,1) knot [22]. There is a residual mon-
odromy associated to the twice punctured torus bun-
dle which is inherited from the parabolic monodromy,
indeed the two punctures that lead to a noncompact
distinguished 10-th dimension, are kept invariant un-
der the parabolic monodromy. More formally and fol-
lowing [22] let be H(Fg ,P) the homeomorphisms group
preserving the orientation, Fg a fiber of genus g and P
the punctures, such that h(P) = P . The punctures are
mapped into punctures though not necessarily become
Copyright line will be provided by the publisher 3
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fixed. Let define the isotopy group of H , it corresponds
to the mapping class group of the twice-punctured two
torus Σ1,2, MCG(Σ1,2) = Π0(H(Σg ,P)) then MCG(Σ1,2) ≡
P MCG(Σ1,2)⊕ Z2 with P MCG(Σ1,2) being the subgroup
generated by the three Dehn twists (tα, tβ, tγ) associated
to the homology basis α,β,γ. In the case of the compact
two-torus T 2 the two Dhen twwist generators associated
to the one-cycles between the two punctures are identi-
fied tβ = tγ. Indeed there exists an epimorphisms Ω be-
tween themapping class group of the compact 2-torusΣ1
MCG(T 2) and the PureMapping Class group (preserving
punctures),
Ω :P MCG(T 2)→MCG(T 2)= SL(2,Z )
Ω(tα)=
(
1 0
1 1
)
, Ω(tβ)=Ω(tγ)=
(
1 −1
0 1
)
(8)
These two parabolic matrices through multiplication
generate the full SL(2,Z ). The monodromy of the punc-
tured torus bundle over a 2-torus is defined in terms
of the symplectic parabolic torus bundle over a torus
as follows: let consider a,b two integers classifying the
cohomology basis of the base torus Σ the monodromy
is defined as M10D : Π1(Σ1) → Π0(Σ(1,2)) then the 9D
parabolic monodromy is is uplifted through decompact-
ification to the 10Dmonodromy M10D ,
M9D =
(
1 1
0 1
)a+b
→ M10D = t a+bβ . (9)
5 Conclusions
M2-branes formulated on symplectic torus bundles with
monodromy in SL(2,Z ) are associated at low energies
with the 9D type II gauged supergravities. Only those
bundles which have parabolic monodromy can be up-
lifted to ten dimensions keeping a residual topological
invariant associated to themassive deformationof super-
gravity theories. There are two possible M2-brane bun-
dles with parabolic monodromies of the type IIA sector,
linearly and non-linearly realized, associated at low ener-
gies to Romans and HLW supergravities in 10D. We con-
sider that Romans supergravity is the low energy descrip-
tion of the 11D M2-brane on a twice punctured 2-torus
bundle. The 10-th dimension is noncompact but distin-
guished, there is only one compact dimension, conse-
quently it does not admit a M10 target-space description.
We conjecture that the non-trivial topology origin in 11D
could be related to the 11D non-covariant cosmological
term of 11D Supergravity found in [5]. A deeper study is
required to give a proper answer to this question.
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